Abstract. We find some general lower bounds of the sum of certain families of multigraded Betti numbers of any simplicial complex with a vertex coloring.
Introduction
An (abstract) simplicial complex on rms " t1,¨¨¨, mu is a collection K of subsets σ Ď rms such that if σ P K, then any subset of σ also belongs to K. Here we always assume that the empty set and every one-element subset tju 1ďjďm belongs to K and refer to σ P K as an abstract simplex of K. A simplex σ P K of cardinality |σ| " i`1 has dimension i and is called an i-face of K. In particular, any 0-face of K is called a vertex of K. The dimension dimpKq of K is defined to be the maximal dimension of all the faces of K. For any subset ω Ď rms, we call K| ω " tσ P K | σ Ď ωu the full subcomplex of K corresponding to ω.
Let k denote an arbitrary field and krvs " krv 1 ,¨¨¨, v m s be the polynomial ring over k in the m indeterminates v " v 1 ,¨¨¨, v m . Let N " t0, 1, 2,¨¨¨u be the set of nonnegative integers. A monomial in krvs is a product v a " v . Given a vector a P N m , by krvsp´aq one denotes the free krvs-module generated by an element in degree a. So krvsp´aq is isomorphic to the ideal xv a y Ă krvs as N m -graded modules. Moreover, any free N m -graded module of rank r is isomorphic to the direct sum krvsp´a 1 q '¨¨¨' krvsp´a r q for some vectors a 1 ,¨¨¨, a r P N m . An ideal I Ď krvs is called a monomial ideal if it is generated by monomials. A monomial v a is called squarefree if every coordinate of a is 0 or 1. A monomial ideal is called squarefree if it is generated by squarefree monomials.
Clearly, all the elements in 2 rms " tω | ω Ď rmsu bijectively correspond to all the vectors in t0, 1u m Ă N m by mapping any ω P 2 rms to a ω P t0, 1u m , where the j-th coordinate a ω is 1 whenever j P ω, and is 0 otherwise. With this understanding, we write v ω " v aω " ź jPω v j , ω Ď rms (e.g. v tju " v j ).
The Stanley-Reisner ideal of a simplicial complex K on rms is the squarefree monomial ideal I K " xv τ | τ R Ky generated by monomials in krvs corresponding to nonfaces of K. The quotient ring kpKq " krvs{I K is called the Stanley-Reisner ring of K. By [9, Sect.1.4] , kpKq is a finitely generated N m -graded krvs-module and so kpKq has an N m -graded minimal free resolution as follows:
where each φ i is a degree-preserving homomorphism. Here we numerate the terms of a free resolution by nonpositive integers in order to view it as a cochain complex. Since each F´i is an N m -graded free krvs-module, we may write
The integers β kpKq i,a are called the multigraded Betti numbers of K with k-coefficients. Since the free resolution (2) is minimal, we have Tor krvs i pkpKq, kq -F´i and
By [9, Corollary 1.40], β kpKq i,a " 0 for all a R t0, 1u m . For brevity, we define
In addition, the Hochster's formula tells us that (see [8] or [9, Corollary 5.12] )
where r H˚pK| ω ; kq is the reduced singular (or simplicial) cohomology of K| ω with k-coefficients. Notice that dimpK| ω q ď |ω|´1. So by the Hochster's formula, the multigraded Betti numbers of K over k are nothing but the usual (reduced) Betti numbers with k-coefficients of all the full subcomplexes of K.
The multigraded Betti numbers of K are intimately related to a topological space Z K called the moment-angle complex of K. The construction of Z K first appeared in Davis-Januszkiewicz [6] . Let D 2 " tz P C | |z| ď 1u be the unit 2-disk in C and S 1 " BD 2 be the unit circle. By definition, Z K is a subspace of the Cartisian product of m copies of 2-disks:
where D 2 pjq is a copy of D 2 indexed by j P rms and S 1 pjq " BD 2 pjq . In addition, we consider the index j P rms in (5) to be increasing from the left to the right. People also use pD 2 , S 1 q K to denote Z K in the literature and call it the polyhedral product of pD 2 , S 1 q corresponding to K (see [3, Sec.4.2] ). It is shown in [1] that
So by the Hochster's formula (4) [12] ). For a simplicial complex K on rms and any field k,
By (6), Theorem 1.1 is equivalent to saying that the sum of all the multigraded Betti numbers of K is at least
By Hochster's formula, the inequality (7) is equivalent to saying that the sum of all the usual Betti numbers of all the full subcomplexes of K is at least
The lower bound in (7) is sharp since the equality holds for B∆ n 1˚¨¨¨˚B ∆ ns where B∆ n is the boundary of an n-simplex ∆ n and˚is the join of two spaces. Moreover, in [13] Ustinovskii shows that the inequality (7) can be strengthened to be the following. The proof of this theorem in [13] uses a result in [7, Corollary 2.5] on the dimensions of the Tor modules of monomial ideals in krvs.
In this paper, we obtain some lower bounds of the sum of certain families of multigraded Betti numbers of K, which generalizes Theorem 1.2. To state our main result, let us introduce some notations. ‚ Let α " tα 1 ,¨¨¨, α r u be a partition of rms into r subsets, i.e. α i 's are disjoint nonempty subsets of rms with α 1 Y¨¨¨Y α r " rms. The partition α is called nondegenerate for K if the two vertices of any 1-simplex of K belong to different α i . For example the trivial partition tt1u,¨¨¨, tmuu of rms is nondegenerate for any simplicial complex on rms. We also refer to a nondegenerate partition α of rms for K as a vertex coloring of K, meaning that we put r different colors to all the vertices of K so that the set of vertices with the i-th color is α i and any adjacent vertices in K are assigned different colors. ‚ Let rrs " t1,¨¨¨, ru. One should keep in mind the difference between rrs and the vertex set rms of K. For a subset L Ď rrs, define
In other words, I α pσq encodes the set of colors of all the vertices of σ defined by α. Note that |I α pσq| ď |σ|. Example 1. Let K be a simplicial complex on the vertex set r5s " t1, 2, 3, 4, 5u with a geometrical realization given by Figure 1 . Let α " tt1u, t2, 4u, t3, 5uu be a partition of r5s, which is nondegenerate for K. The geometrical realizations of the eight special full subcomplexes of K determined by α are shown in Figure 2 .
The main result of this paper is the following theorem. . 1 . . 2 4 . . . . Theorem 1.3. Let K be a simplicial complex on rms and k be an arbitrary field. If a partition α " tα 1 ,¨¨¨, α r u of rms is nondegenerate for K, then for any q ě 0, ÿ
This implies ÿ
Note that when r " m (i.e. α is the trivial partition of rms), Theorem 1.3 gives exactly Theorem 1.2. For nontrivial nondegenerate partitions of rms for K, Theorem 1.3 will give us some lower bounds of the sum of certain families of multigraded Betti numbers of K. The inequality (10) tells us that the sum of all the usual Betti numbers of the 2 r special full subcomplexes of K determined by α also has a general lower bound. We will prove Theorem 1.3 at the end of the paper. Note that the Hochster's formula (4) itself sheds no light on how to obtain such type of lower bounds. Remark 1.4. It is shown in [10] that the existence of a vertex coloring by r colors on a simplicial complex K is equivalent to some splitting properties of a vector bundle over the Davis-Januszkiewicz space of K.
The paper is organized as follows. In Section 2, we study a quotient space of Z K by some torus action determined by α, whose cohomology groups are related to the multigraded Betti numbers β are related to the Tor module of kpKq over a polynomial ring kru 1 ,¨¨¨, u r s where the kru 1 ,¨¨¨, u r s-module structure of kpKq is determined by the partition α. This relation leads to a proof of Theorem 1.3 at the end.
2.
A quotient space of Z K determined by α Suppose K is a simplicial complex on rms. Let Z m " xe 1 ,¨¨¨, e m y be the canonical unimodular basis of the Lie algebra of T m . For an arbitrary partition α of rms, let S α be the toral subgroup of T m corresponding to the subgroup of Z m generated by the set te j´ej 1 | j, j 1 belong to the same α i for some 1 ď i ď ku. It is easy to see that the dimension of S α is m´r. Let Z K {S α denote the quotient space of Z K by S α through the canonical action of T m . Clearly T m {S α is an r-dimensional torus which acts on Z K {S α through the canonical action of T m .
Lemma 2.1. For a partition α of rms, the canonical action of S α on Z K is free if and only if α is nondegenerate for K.
Proof. Let v j be the center of the 2-disk D 2 pjq in (5). For any j ă j 1 P rms, let C j,j 1 denote the circle subgroup of T m corresponding to the subgroup of Z m generated by e j´ej 1 . The fixed point set of the canonical action of
In particular, the action of C j,j 1 on the component
pkq Ď Z K has a fixed point if and only if j and j 1 are both in σ. Then it is easy to that the canonical S α -action on Z K is free if and only if for any simplex σ P K, |σ X α i | ď 1 for all i P rrs, which means that α is nondegenerate for K.
For any partition α of rms, it is shown in [14, Theorem 1.2] that there is a group isomorphism
So by the Hochster's formula (4), we have
If the partition α of rms is nondegenerate for K, the canonical action of S α on Z K is free. By [11, Theorem 1] (also see [2, 7.37] ) there is an isomorphism of graded algebras for the free quotient Z K {S α :
where BpT m {S α q is the classifying space for the r-dimensional torus T m {S α . By combining the isomorphisms in (11) and (13), we could compute the sum of the multigraded Betti numbers in (12) 
by Tor
H˚pBpT m {Sαq;kq pkpKq, kq. But the proof in [11] does not give us any explicit formula for the isomorphism in (13), which makes this computation a little vague. In addition, the sum of multigraded Betti numbers in (12) 
ω denote the face of ∆ rms whose vertex set is ω, i.e.
If we think of D 2 as S 1˚v , we can rewrite the decomposition of Z K in (5) as:
From this decomposition of Z K , we can obtain a decomposition of Z K {S α as follows (see [14, Section 2]):
where
tiu denotes a copy of S 1 corresponding to i P rrs and, we consider the index i P rrs to be increasing from the left to the right. Warning: We use the subscript pjq for j P rms while use subscript tiu for i P rrs.
A natural cell decomposition of S 1 tiu˚∆ α i is given by 
‚ the coboundary of e In the rest of this section, we always assume that the partition α of rms is nondegenerate for K. Then for any σ P K, we have |I α pσq| " |σ|. In other words, σ X α i is a single vertex of σ for any i P I α pσq. For convenience, we define σ tiu " σ X α i P rms, i P I α pσq.
By this notation, σ "
Ť iPIαpσq σ tiu Ď rms. So we can rewrite (15) as
For any simplex σ P K and I Ď rrszI α pσq, define
Then B pσ,Iq is a cell of dimension 2|I α pσq|`|I| " 2|σ|`|I|. It is easy to see that
is a cell decomposition of Z K {S α . Let C˚pZ K {S α ; kq denote the cellular cochain complex determined by this cell decomposition whose generators are denoted by
To write the coboundary map of C˚pZ K {S α ; kq, we introduce the following conventions and notations. ‚ We orient the cell B pσ,Iq by ordering the factors in (18) so that the index i P rrs is increasing from the left to the right and, orienting the circle S 
By the above conventions, the coboundary of Bp σ,Iq is given by:
where ωzσ P rms denotes the only vertex of ω P K that is not contained in σ. By (16), the coboundary of any factor`S 1 tiu˚v σ tiu˘˝i n B pσ,Iq is zero since there is no simplex ω P K with ω X α i consisting of more than one vertex. In addition, when taking the coboundary of Bp σ,Iq via the Leibniz' rule, passing an even dimensional factor has no contribution to the sign.
For any L Ď rrs, denote by C˚, L pZ K {S α ; kq the k-submodule of C˚pZ K {S α ; kq generated by the set tBp σ,Iq | σ P K, I α pσq Y I " L, I α pσq X I " ∅u. By the formula (19), it is easy to see that C˚, L pZ K {S α ; kq is a cochain subcomplex of C˚pZ K {S α ; kq. So we have a decomposition of cochain complexes:
Next, we introduce another space X pK, αq which is homotopy equivalent to Z K {S α . We will see in Section 3 that X pK, αq plays an important role in relating the cohomology of Z K {S α with Tor
H˚pBpT m {Sαq;kq pkpKq, kq. Let S 8 pjq denote a copy of infinite dimensional sphere S 8 based at v j for each j P rms. We define
So Z K {S α is a subspace of X pK, αq. By contracting each S 8 pjq to v j , we obtain a deformation contraction from X pK, αq to Z K {S α . The definition of X pK, αq is inspired by the deformation of Z K " pD 2 , S 1 q K to the polyhedral product
. Next, we construct a cell decomposition of X pK, αq. There is a natural cell decomposition on S 8 with exactly one cell ξ n in each dimension n ě 0, where the boundary of ξ 2k is the closure of ξ 2k`1 and the boundary of ξ 2k`1 is zero for every k ě 0. We denote the cells in S 8 pjq by tξ n pjq u ně0 for any j P rms. In particular, ξ 0 pjq " v j for any j P rms.
Definition 2.2 (Weight)
. We call any function h : rms Ñ N a weight on rms.
The support of h is defined to be suppphq " tj P rms | hpjq ‰ 0u.
‚ For any j P rms, define δ j : rms Ñ N by δ j pj 1 q " 0 if j 1 ‰ j and δ j pjq " 1.
‚ For any σ Ď rms, let 1 σ " ř jPσ δ j whose support is σ. For any σ P K, I Ď rrs and any weight h on rms with suppphq " σ, define a cell B pσ,h,Iq Ă X pK, αq by
It is easy to see that tB pσ,h,Iq | σ P K, suppphq " σ, I Ď rrsu is a cell decomposition of X pK, αq. Note that dim B pσ,h,Iq " |I|`ř jPσ 2hpjq. Let ι α : Z K {S α ãÑ X pK, αq be the inclusion map. So we have ι α pB pσ,I" B pσ,1σ,Iq , σ P K, I X I α pσq " ∅.
Let C˚pX pK, αq; kq be the cellular cochain complex determined by this cell decomposition of X pK, αq, whose generators are denoted by tBp σ,h,Iq | σ P K, suppphq " σ, I Ď rrsu.
Similarly to B pσ,Iq , we orient the cell B pσ,h,Iq by ordering the factors in (21) so that the index i P rrs is increasing from the left to the right and, orienting the cells in all different copies of S 1 tiu and S 8 tiu in the same way. Then it is easy to see that the coboundary of Bp σ,h,Iq is given by:
For any L Ď rrs, denote by C˚, L pX pK, αq; kq the k-submodule of C˚pX pK, αq; kq generated by the set tBp σ,h,Iq | σ P K, suppphq " σ, I α pσq Y I " Lu. By (22), it is easy to see that C˚, L pX pK, αq; kq is a cochain subcomplex of C˚pX pK, αq; kq. So we have a decomposition of cochain complexes:
C˚pX pK, αq; kq " à LĎrrs C˚, L pX pK, αq; kq.
The multigraded structure of Tor
H˚pBpT m {Sαq;kq pkpKq, kq
Let α " tα 1 ,¨¨¨, α r u be partition of rms that is nondegenerate for K. Let us see how to compute Tor H˚pBpT m {Sαq;kq pkpKq, kq. Note that H˚pBpT m {S α q; kq can be identified with the polynomial ring kru 1 ,¨¨¨, u r s with r variables. According to [2, 7. 37] (also see [3, Sec.4.8] ), the kru 1 ,¨¨¨, u r s-module structure on kpKq is given by
Let Λ k rt 1 ,¨¨¨, t r s denote the exterior algebra over k with r generators t 1 ,¨¨¨, t r . We define a differential d α on the tensor product Λ k rt 1 ,¨¨¨, t r s b kpKq by:
We can compute Tor kru 1 ,¨¨¨,urs pkpKq, kq -Tor kru 1 ,¨¨¨,urs pk, kpKqq via the Koszul resolution of k (see [2, Sec 3.4] ). Recall that the Koszul resolution of k is:
Tor kru 1 ,¨¨¨,urs pk, kpKqq -H˚``Λ k rt 1 ,¨¨¨, t r s b kru 1 ,¨¨¨, u r s˘b kru 1 ,¨¨¨,urs kpKq-
It is easy to see that the differential on Λ k rt 1 ,¨¨¨, t r s b kpKq induced from Tor kru 1 ,¨¨¨,urs pk, kpKqq is exactly given by d α in (24).
By the definition of krKs, any element of krKs can be uniquely written as a linear combination of monomials of the form v hpjq "
Comparing this notation with (1), we see that v σ " v pσ,1σq for any σ P K. It is clear that Λ k rt 1 ,¨¨¨, t r s b kpKq is generated, as a k-module, by the set
where t I " t i 1¨¨¨t is , I " ti 1 ,¨¨¨, i s u Ď rrs with i 1 ă¨¨¨ă i s . In addition, we define a multigrading mdeg α on Λ k rt 1 ,¨¨¨, t r s b kpKq by: mdeg α pt i q " p´1, tiuq P pZ, rrsq, i P rrs; mdeg α pv σ q " p0, I α pσqq P pZ, rrsq, σ P K.
So mdeg α pt I v pσ,h" p´|I|, I α pσq Y Iq. By the definition of d α in (24), we have
For any subset L Ď rrs, define pΛ k rt 1 ,¨¨¨, t r s b kpKqq L to be the k-submodule of Λ k rt 1 ,¨¨¨, t r s b kpKq generated by tt I v pσ,hq | σ P K, suppphq " σ, I α pσq Y I " Lu. 
Next, we define a k-linear map ψ α : Λ k rt 1 ,¨¨¨, t r s b kpKq ÝÑ C˚pX pK, αq; kq (28)
Obviously, ψ α is a k-linear isomorphism. Moreover, by comparing (22) with (25), we see that ψ α is a cochain map and hence an isomorphism of cochain complexes. In addition, ψ α clearly preserves the multigradings of Λ k rt 1 ,¨¨¨, t r s b kpKq and C˚pX pK, αq; kq. So we obtain the following lemma.
So for each L Ď rrs, we have a diagram:
where ια is the cochain map induced by the inclusion ι α : Z K {S α ãÑ X pK, αq. So
Since Z K {S α is a deformation retract of X pK, αq, ια induces an isomorphism in cohomology. So ια˝ψ α :
kq induces an isomorphism in cohomology. More specifically, we have
Notice when IXI α pσq " ∅ and I α pσqYI " L, dim Bp σ,Iq " 2|I α pσq|`|I| " 2|L|´|I|. So for any q ě 0, ια˝ψ α induces an isomorphism
Proposition 3.2. If α " tα 1 ,¨¨¨, α r u is a partition of rms that is nondegenerate for K, then for any q ě 0 and L Ď rrs, Tor
Proof. By definition (27), Tor
So by (32), Tor
So we obtain Tor
; kq. We want to remind the reader that in [14] , the space Z K {S α is denoted by XpK, λ α q and the full subcomplex
Finally, let us give a proof of Theorem 1.3. Our proof will use the following theorem in [5] on the Betti numbers of any multigraded module over a polynomial ring, which generalizes [7, Corollary 2.5]. The Krull dimension KdpRq of a commutative ring R is the maximal number of algebraically independent elements of R. The Krull dimension Kd kru 1 ,¨¨¨,urs pMq of a kru 1 ,¨¨¨, u r s-module M is defined to be the Krull dimension of the quotient ring of kru 1 ,¨¨¨, u r s which makes M a faithful module. That is, Kd kru 1 ,¨¨¨,urs pMq :" Kd`kru 1 ,¨¨¨, u r s{AnnpMqw here AnnpMq, the annihilator, is the kernel of the natural map from kru 1 ,¨¨¨, u r s to the ring of kru 1 ,¨¨¨, u r s-linear endomorphisms of M.
Suppose a partition α " tα 1 ,¨¨¨, α r u of rms is nondegenerate for a simplicial complex K on rms. Let tj 0 ,¨¨¨, j d u Ď rms be a maximal simplex of K where d " dimpKq and assume that j l P α i l , 0 ď l ď d. Then with respect to the kru 1 ,¨¨¨, u r s-module structure on kpKq defined in (23), u j 0 ,¨¨¨, u j d are d`1 algebraically independent elements of kru 1 ,¨¨¨, u r s{AnnpkpKqq. 
